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Introduction to Mathematics & Calculus 1A

Instructions

» For questions 1-5, you are only required to fill in the final answer on the answer form.

» For questions 6-12, you are required to write down a full calculation and argumentation.

Please hand in your answer form only. If you run out of space, you can use the extra space at the end of
the answer form. Refer clearly to that space in the original answer.

Do not write with red pen or pencil. Do not use correction fluid or tape.

The use of electronic devices is not allowed!

Final answer questions

Report all your answers on the answer form.

1. Consider the intervals Ay = [~k k] fork € {1,...,80}. [2 pt]
80 80
Determine | J Ag and () Ay.
k=1 k=1
2. Consider the statement S; : = (Vx > 0(f(x) = 0 — g(x) = 0)) involving arbitrary functions f [2pt]
and g from R to R. Which of the following statements are logically equivalent to S; for all
such functions f, g?
There could be zero, one, or multiple equivalent statements.
(@) = (Vx> 0(g(x) =0— f(x) =0))
(b) ~(Vx > 0(g(x) #0— f(x) #0))
(€) 3x > 0(=(f(x) =0 — g(x) = 0))
(d) 3x <0(f(x) =0— g(x) =0)
(€) Vx> 0(~(f(x) =0— g(x) =0))
(f) Vx <0(f(x) =0—= g(x) =0)

3. Onyour answer sheet, a vector v is drawn in the xy-plane. [2 pt]
In the same diagram, shade in the points (x,y) for which (xi + yj)«v < 0.

4. Let f: R — R be a function. Assume that f has derivatives of all orders and satisfies the
following properties: f(1) = 2, /(1) = 6, f(1) = 10, f""(1) = 9, and
forallx e R |f"(x)]| <13 and |f"(x)] <17.

Let P (x) be the Taylor polynomial of order 2 generated by f at x = 1. Let Ry(x) = f(x) — P(x)
be the remainder term.

(a) Find Py(x). [1pt]
(b) The line tangent to the graph of f at x = 1 passes through the point (0,y). Find y. [1pt]
(c) What s the strongest conclusion you can draw, based on the information provided? [2 pt]

() [R(L1)[ < Zx0001 (i) |Rp(1L1)] < ¥ x0001 (i) |Ryp(1.1)] < 7 % 0.001
(iv) |Ry(1.1)] < 3 x 0.01 () [Ry(L1)| < B %001 W) [Ry(1.1)] <Y x001
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5. Consider the points P(—3,2,—1) and Q(3,2,2). Let £ be the line passing through P and Q.
(a) Find a parametrization of the line 4. [1 pt]

(b) Give an equation of the plane which passes through the point R(2,3,0) and is perpen- [1 pt]
dicular to the line £,

Open questions

The full solutions to questions 6-12 must be clearly written down on the answer form,
including calculations and argumentations.

6. Either prove the following statement or give a counterexample: [3 pt]

Foralla,b,c € Z:If (a+ bis even and b+ c is even), then a 4 ¢ is even.

7. Use mathematical induction on n to prove the following statement: [4 pt]
For all n € IN: 8" — 3" is divisible by 5.

8. Let A be’the set of numbers with 7 digits, for which all digits are from {1,2}. For example,
2212211 € A.
(a) How many numbers in A are odd? [1 pt]

(b) How many numbers in A are odd and/or consist of exactly three digits 1 (and therefore [2 pt]
four digits 2) in any order?

ifx>0
9. The function f is defined as f(x) = { x "

ax+b ifx <0.
Here, 2 and b are unspecified real numbers.
(a) Find all values of 2 and b for which f is continuous at x = 0. [1 pt]

(b) Using the limit definition of the derivative, find all values of 4 and b for which f is differen- [2 pt]
tiable at x = 0.

10. Compute the following limits:

. X —
(@) lim 7 [t ptl
-
(b) lim X —2*+7 [ pt]

x—00 —7x3 4+ 2x2 42

(© lim (\/x2 Tx— x) [2 pt]
X—=»00

11. For a > 4, the line through A(s,0) and P(4, }) intersects the y-axis in B(0, b).
Let T be the area of the triangle formed by A, and B, and the origin O.

(a) Show that T = 2. [1 pt]
(b) Find the value of 4 € [5,10] that minimises T. [3 pt]

12. Let the function f: R — R be given by f(x) = In ((x — 1)? + 4).

(a) Find the derivative of f. [1pt]
(b) Find the point(s) of inflection of f, and the intervals on which f is concave up/concave [2 pt]

down.
Total: 36 pt

Unauthorized reproduction or distribution is forbidden.



