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Solutions
1. [2 pt] X
O
O
O
2. [2pt] p qllpA-p) < (P—q)
00 0
01 0
10 1
11 0

3.[8pt] Case 1:
If x is eventhen dn € Z: x = 2n, hence

22 +5r+1=4n>+10n+1
=2(2n" 4+ 5n) + 1,

which is odd, since 2n? + 5n € Z.

Case 2:
If xisoddthen dn € Z: x = 2n + 1, hence

2 +5r+1=2n+1)>+52n+1)+1
=dn® + 14n + 7
=2(2n* + Tn+3) + 1,

which is odd, since 2n? + Tn + 3 € Z.

k
4.[4pt] LetS(k):> i*= bk + D@k+1)
=1

6

Basis step for k = 1:



1
ZZQ =12=1 whichis equal to
=1
So the statement is correct for & = 1.

1(1+1)(2-141)
6

= 1.

Induction step:
Suppose that S(k) holds for some k € N:
2’“:2.2 R+ 1)(2k+ 1)

5 . (Induction hypothesis: IH)

i=1

k+1
E+1D)((k+1)+1)(2(k+1)+1
We must show that the IH implies: » i* = ( I( )+ 1) (2 ) )

i=1 6
k+1 k
Well: > "% =) "i®+ (k + 1)%
i=1 =1
k(k+1)(2k+1
By IH this expression is equal to (k+ D)2k + )+(l<;+1)2.

Finish the calculation:

k(k +1)(2k + 1)

Bk + 1)k +1) | 6(k+1)?
6

6 6
(k+1)(k(2k+1)+6(k+1))
6

(k+1)(2k* + 7k + 6)

6
(k+1)(k+2)(2k + 3)

6
(k+1)(k+1)+1)(2(k+1)+1)

c :

Now we obtain from the principle of mathematical induction that S (%) holds for all
ke N.

+(k+1)* =

(a) [1.5 pt]

-7
2.1
=3-4-7=284.

coefficient = (9)
3
9.8

w

9
(b) [1.5 pt] The coefficient is 2% - 3¢ - (3)



(a)[1 pt] Calculate u = PQ = (0,4,4) and v = PR = (—2,0,2), then

0 4 4] 0 4
uxv= X X =|(8,-8,8)
-2 0 2(-2 0

@ Check Your Answer:
Verify thatu | u x vandthatv 1L u x v.
(b) [2 pt] If 8 is the angle between u and v, then

u-v=|ul|v|cosf
Calculate the dot product of u and v:
u-v=0-(-2)+4-0+4-2=8.
Calculate the lengths of u and v:
lu| = V02 4+ 42 + 42 = /32 = 4V/2.

and

lv] = /(=2)2 4+ 02 + 22 = 2V/2.

Therefore
8

W2 272
| orf=|60°

cosf =

Y

N[

and consequently 6§ =

Wl

@ Check Your Answer:

Use the property |u x v| = |u||v]| sin § and the result of (a) to verify your
answer.

(c) [2 pt] The projection of u onto v is

(2(n+1) — )3T+ L 3pr0j u = uvs.
Vv

Caclulate the constituent parts:

u-v=_,,
v.v=2_8
Calculate the projection:
u-v 8
proj, u V.Vv 8V v (—2,0,2)




@ Check Your Answer:
Verify that v L (u — proj, u).
(d) [2 pt] The normal equation of the plane V' is
n-(x—p)=0,

with n a normal vector and p a support vector of V.
Usingn = u x v = (8,-8,8) as a normal vector and for example
p = OP as support vector we obtain the equation

(8,-8,8) «(x —1,y+1,z+1) =0,
8r — 8y +82=38

which can be simplified to

r—y+z=1| or |z=1—x+y

@ Check Your Answer:

Substitute the coordinates of P, () and R in your equation, and verify
whether it holds,

(a) [2 pt] Use the ‘conjugate trick’:

1—vV1—22=1— 1—952-1+— V1i—a?
14+ v1—a?

1-(1—2% x?

TV 14V a2
Alternatively, you can prove that (1 — v/1 — z2) (1 + V1 — 2?) = 2™

- VI—2) (V- 2) =1 (Vi) .

:1—(1—m2):x2.




8. [3 pt]

(b) [2 pt] Use (a) to rewrite:

1 1—3:2 x?
1+ 1—x2 1+ 1—x2

1+\/1—:(:2

14+ V1 —22

1

if x >0,

ifz <0.

Now use hm
\/1+\/1—x2 \/1+\/1—02

1-V1_a2
lim v =1v2 and

z—0t T

lim
r—0~

1-— 1—x2_

X

Since left- and right limit are not equal, the two-sided limit of

for x — 0 does not exist.

(c) [2pt] The derivative of f at 0 is

f'(0) = lim

h—0

f(h) = f(0)

= lim

which does not exist according to assignment (b).

Differentiate f:

= 1\/5 to conclude:

f'(z) = —(2* + 22 — 3)e”.
Since f is a differentiable function, the only critical points are points = where
f'(x) =0.
This is the case whenever 22+ 2z —3 = (z+3)(z—1) = 0,s0ifz = —3oraz = 1,

The only critical point of f in [— 1,v/3]is 1.

Other candidates for extreme values are the boundaries of [ — 1, V3.

T

)

—1

1
V3

5
[\
o Roiv|m




From the table we conclude: the absolute minimum value is 0 and the absolute

maximum value is 2e.

9. [8pt] Use polar coordinates:
r 3+ ¥ 3 cos® 0 + r3 sin® 0
111 — = 11In

(@y)—(0,0) T2 + 12 r—0+ 12 cos2 0 + r2sin? 0

, cos® f + sin® 4
= lm r—s——-
r—0t+  cos?f + sin® 0

= lim ?"(0053 0 + sin® 9).
r—0+

Observe that cos® @ + sin® 6 is bounded.
Since lim r =0, the limit  lim )f(:l:,y) = 0.
0

r—0t (z,y)—(0,

10. [3 pt] The equation for the tangent plane through (a, b, f(a, b)) is

of of
z = f(a,b) + %(a,b)(x— a) + a—y(a,b)(y—b).

Calculate the partial derivatives of f:

%(x )_;
oz Y 42y —2’
P
oy Y 42y -2

Evaluate f and the partial derivatives at (a,b) = (1, 1):

f(1,1)=In1=0,

Of 1 y=1 20—
LD =1 83/(1,1)_2.

Write down the equation of the tangent plane (fill out all results in (x)):

z2=04+1(x—1)+2(y—1),
z=x+ 2y — 3.
The equation may be rearranged, like

T+2y —z=3.

Total: 36 points



