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Final Answer

Each question is worth 3 points. Only a completely correct answer

gains points.
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What is the discrete logarithm of (3 6)(4 5) with basis

(2 1 7)(3 4 6 5) in S7?

Georg Loho

6

find approach:multiply (217)(3465) by itselfuntil
we get (36)(45)

second approach:look at thelength of thecycles 3n =4m+2
(217)(3465)(217)(3465) =(127)(36)(45)
(127)(36)(45)(21)(3465) =(1)(2)(7/13564)
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What is the word of shortest length equivalent to zxyzxyyx in the

group with presentation hx , y , z | xx , yz , zz , yyi?

Georg Loho

zX

Alternative: YX

zxExyyx +Exx1x +Ex1X

-> zx+x
Alternative
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List the generators of the cyclic group generated by (1 8 9 2) in S9.

Georg Loho

(1892), (1298)

cychic group:sogel, 101, agol," 3
\(1892) "(k = 43

approaches:compute all powers, theorem
about generators

of cyclic group, orde of permutation is
lem of cycles
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Let F(T ) be the free group on T = {x , y , z}, and let G be the

subgroup of the direct product S4 ⇥ Z3 generated by

{((1 2), 1), ((1 3), 1), ((1 2 3 4), 2)}. Furthermore, we define the

group homomorphism � : F(T ) ! G by setting �(x) = ((1), 0),
�(y) = ((1 3), 1), �(z) = ((1 2 3 4), 2). Which element of S4 ⇥ Z3

is �(zyxx)?

Georg Loho

((144(23), 0)

d(zy xx)
=
b(z)b(y)d(x4(x) =5

identity
homomorphism (1234),2) ((13), 1)Ioproperly

(2), +) =(1234),2)(x13),1) =((14)(23),0)
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What is the inverse of (4, 5) in the direct product Z5 ⇥ U(7)?

Georg Loho

(1,3)

(25,t) 4 +1 =

0 mode i4 +X

(U(7), ·) 5.y =1 mod7
3

! God I

and 7

5.3 =1 moll I
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Give the smallest non-negative integer which is a solution to the

following system of congruences:

x ⌘ 5 (mod 11)

x ⌘ 3 (mod 5)

Georg Loho

38

approaches: Chinese Remainch
Theorem

· guessing
· Endidem algo/Bezout theorem (1+ (-21.5:1

· wrilexas solution of the other congruence
x
=57 +3 =5z + 3 =5 mod 1) => 5z =2 mod"
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What is the index of the kernel of the group homomorphism

 : SL2(Z) ! SL2(Z2)✓
a b
c d

◆
7!

✓
a (mod 2) b (mod 2)

c (mod 2) d (mod 2)

◆

Georg Loho

6

approachfind kernel and thenits costs

· observe that I is subjective. So,by Isomorphism Theorem,

quotient group is isomorphic to image
nee -

cosets St(22)
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169),, (bil,...

- (oil, lil, (ii), (ii), lid, lie
linearly independent rows

Iso

Theorem St*per4 = Stl2z
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Mark all valid possibilities for which a field of characteristic 3 exists

with this order.

Not selecting all the correct options or also wrong options yields 0
points for the question.

1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .⇤
1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .⇤
9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .⇤
27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .⇤

Georg Loho

*
not I:because there is 0 F1

iffinite:thenorder is power of characteristic, so
9 and 27 is fine

infinite: algebraic closure of p (in this case 2y)
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Mixed Multiple Choice

You can get 3 points per question. For each of the statements

write 1 for true and 0 for false. If at least one of the three

statements is not correctly recognized as true or false or if the

answer is missing, then you get 0 points for the question.

Georg Loho
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1 There is exaclty 1 abelian groups with 9 elements up to

isomorphism.

2 U(6) is isomorphic to U(10).

3 In a group, each element has a unique inverse.

(a) . . . . . . . . . . . . . . . . . . . . . . . . .

(b) . . . . . . . . . . . . . . . . . . . . . . . . .

(c) . . . . . . . . . . . . . . . . . . . . . . . . .

Georg Loho

2, x 23191,531249,21,3,7,931
0

0

I
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1 2 +
p
5 is an element of Q(

4
p
5).

2 It is possible to construct
3
p
5 with straightedge and compass.

3 There exists a group of order 16 which has a subgroup with 2

elements.

(a) . . . . . . . . . . . . . . . . . . . . . . . . .

(b) . . . . . . . . . . . . . . . . . . . . . . . . .

(c) . . . . . . . . . . . . . . . . . . . . . . . . .

Georg Loho

2+5 =2+(55)2

I

O

II,acamthgenic, or a por e
2with subgroup 40,83
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1 The function mapping all elements to 2 is a zero divisor in the

ring of functions {f | f : {1, 2, 3} ! Z3} with component-wise

addition and multiplication

2 There is a ring homomorphism from Z to Z whose image is

2Z.
3 R is algebraically closed.

(a) . . . . . . . . . . . . . . . . . . . . . . . . .

(b) . . . . . . . . . . . . . . . . . . . . . . . . .

(c) . . . . . . . . . . . . . . . . . . . . . . . . .

Georg Loho

image in this case is 403 or

x2+1 has no solution

0

O &
0

4(11(4(1) - 1)=0
1 ->2

in No, it isinverse2
(2)4:x +x 2==4(1).9(1)=2.2 =4

2#2z
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Write the answers on exam paper.

Georg Loho
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(6 points)

Let

G =

⇢
� : Z6 ! Z6

z 7! ↵z + �

����↵ 2 {1, 5},� 2 {0, 3}
�

be a subgroup of the group of bijective functions on Z6. Prove or

disprove that G is commutative.

Note that the group G acts on Z6. List the orbits of this action.

Give the stabilizer subgroup of 3 2 Z6.

Georg Loho
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Let a,=21,55 and , 5 =40,33.

Then p(xz +B) +5 =

vxz + +d

and

a(fz +5) + =xyz +x5 +
are thetwocompositions of

themaps given by the

pairs (,) and / p,8).
We get +5 =2 +B for all possible choices:

-

we have xo=I for all 1241,53 and de40,33

and (B =B"0
+21,5) an= 40,33

Therefore, thetwo functions commute, thegroup is commentative.
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Orbits: 90,33, 91, 4, 2,53
z+3 -

z+35z +3

stabilizen

subgroup of 3: [z,5z3
[II, 0), (5,013

chach corrections (at least sizewith orbitstabilize
theore

2.2=4
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Let p(x) = x4 + x2 + x + 1 2 Z2[x ]. Compute the multiplicative

inverse of h(x) = x3 + x + 1 in Z2[x ]/hp(x)i and prove that it is

indeed an inverse.

Georg Loho

(x4 +x+x +1):(x +x +1) =x remainde

x+

x, So we get x.() +x+= 1

Therefore, we pick x+ (x4 +x+x + 1) -42[x]/<p(x)
Indeed, (x + x + 1 +(p(x)))(x +(p(x)3) =

++1
x(x+x+1) +(p(x)) =2xp(x)

=1 +(p(x)).
So it is the inverse.
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Consider the ring formed by the set

S =

⇢✓
0 0

0 0

◆
,

✓
1 0

0 1

◆
,

✓
1 1

1 1

◆
,

✓
0 1

1 0

◆�
,

a subring of the ring of (2⇥ 2)-matrices with entries in Z2.

Let � : Z2[x ] ! S be the unique ring homomorphism with

�(1) =

✓
1 0

0 1

◆
and �(x) =

✓
1 1

1 1

◆
.

Prove that the kernel of � is not a maximal ideal.

Georg Loho
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First approach:Realize that the kernel is theideal x"X,(x).
This is not maximal because x*2[x) < xnix).
Alternatively, it is reducible, so Ex) is not maximal.

second approach:the ring homomorphism is subjective, because

S =G401,14(1), b(1 +x), 4(x) B. Therefore, by 150 Theorem,

Reixi/kerP = S.But S has zero divisors, namely
(ii).(!!) =188). Thegun, it is not a field.
-

This implies that her p not a maximal ideal.
-
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Determine the unique monic generator of the smallest ideal I of
Q[x ] that contains p(x) = �x2 + 2x + 3 and q(x) = �x2 + x + 6,

namely I = {p(x)a(x) + q(x)b(x) | a(x), b(x) 2 Q[x ]}, with the

Euclidean algorithm.

Georg Loho

(x+2x +3):( - x2 +x +6) =1 remaine x- 3

- (x2+x+6):(x) =-x - 2
-x
2
+3x

requiredgeneatthe
just x- 3 by our computation.
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