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Instructions

This exam contains 10 questions. You shall use the attached answer form to submit your answers.

» For questions 1-4, you are only required to fill in the final answer on the answer form.

» For questions 5-10, you are required to write down a full calculation and argumentation.

You will hand in your answer form only. If you run out of space, you can use the extra space at the end of
the answer form. Refer clearly to that space in the original answer.

Do not write with red pen or pencil. Do not use correction fluid or tape.

The use of electronic devices is not allowed!

Final answer questions

Write only your final answer on the answer form.

1. For each of the following statements, determine whether it is true or false. [3 pt]
(a) Let A be a square matrix such that the system Ax = b has a unique solution for some
b. Then A is invertible.
(b) Let A be a square matrix. If u and v are eigenvectors of A, then u + v is also an eigen-
vector of A.
(c) For every two matrices A and B of size 2 x 2 we have that det(A + B) = det(A) + det(B).
(d) Let Ax = b be a linear system that has no solutions. Then the reduced echelon form of
A must have a zero row.

11 0 1
2. Let Abethematrixgivenby A= {2 1 -1 0
01 1 2

(a) Find a basis for Col A. [2 pt]

(b) Determine the dimension of Col A. [1pt]

3. The augmented matrix of a linear system Ax = b and a vector v are given below

a2-1 1 2 1 1 0
0 1 2 1 1 0
(A 1 b) = , V=
0 0 a+3 a+4| 1 0
0 0 0 a+4)1 \1
(@) Findalla e R 'sut:h'fﬁéfthe’ﬁnear sy‘stem Ax = b is consistent. [2 pt]
(b) Find all 2 € R such that the linear system Ax = b has infinitely many solutions. [2 pt]
(c) Find all 2 € R such that the linear system Ax = b has the vector v as a solution. [1pt]
4. Find all matrices X and Y of size 3 x 3 that satisfy the following system of matrix equations [2 pt]

X - Y = 5]
X + Y = 1
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Open questions

The full solutions to questions 5-10 must be clearly written down on the answer form,
including calculations and argumentations.

Points will not be awarded for reaching a correct result if this is not supported by a correct procedure
and by a sound and clear argumentation.

1 1 1 1
1 14+« 1
5. (a) Leta, B, v € R. Show that det = xfy.
(@) by 1 1 14+ 1 pY
101 1 147
(b) Let A be a4 x 4 matrix such that
1 1 1 1
, (1211
A" = 1 1 2 1
1 1 1 2

Show that 0 is the only solution to the system Ax = 0.
(Hint: You can use part (a) to compute det(A?)).

6. Determine the matrix (AAT)~1A, where the matrix A and its inverse A~! are given by:

1 1 -1 2 1 =3
A=1l21 2|, Al=|-2 -1 4
11 0 -1 0 1

. : 2 .
7. Find x1, x2, ¥3 € R such that the matrix A = ( -1
X2 X3

s ()}

8. (a) LetTy:R*— R2 be the counterclockwise rotation by an angle of 6 radians around the

> has 1 as an eigenvalue and such that

=
b
¢

<

I . : . (3 &
origin. Find a,b € Rif the representation matrix of Ty is ( - )

(b) Let T : R? — R* be the reflection across the x;-axis and T; be as in part (a). Find the
1

representation matrix of Ty o Ty .

9. Let A,Bbetwo 3 x3 matrices.

(a) Let w be an eigenvector of both A and B. Show that w is in Null{AB — BA).

(b) Assume that AB = BA, let A be an eigenvalue of B, and let E(B) be the eigenspace of B
associated with A. Prove that if a vector v is in E;(B), then Avisin Es(B).

10. Let S = {vy,v2,va} be a set of linearly independent vectors in R* and let T : R* - R*bea
linear transformation.
(a) Show that if v € Span{vy, va, vz}, then T(v) € Spané?{v%},Tivz},]'{v;g}}.
(b) Assume that T is one-to-one. Prove that the set {T(v;), T(v2), T(va)}is linearly indepen-
dent.

[2 pt]

(2 pt]

[3 ptl

[4ptd,

[2 pt]

[2 ptl

2ptl
[2 ptl

[2ptl
[2 pt]

Total: 36 pt



